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Abstract
In this paper, we introduce the two new concepts of an α-type almost-F-contraction
and an α-type F Suzuki contraction and prove some ﬁxed point theorems for such
mappings in a complete metric space. Some examples and an application to a
nonlinear fractional diﬀerential equation are given to illustrate the usability of the new
theory.
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1 Introduction
In recent years two interesting but diﬀerent generalizations of the Banach-contraction
theorem have been given by Samet et al. [] and Wardowski []. These two results have
become of recent interest of many authors (see [–] and references therein).
Most recently, Piri and Kumam [] (respectively, Minak et al. []) extended the results
of Wardowski [] by introducing the concept of an F-Suzuki contraction (respectively,
almost-F-contraction) and obtained some interesting ﬁxed point results. Following this
direction of research, we introduce the new concepts of an α-type almost-F-contraction
and an α-type F-Suzuki contraction and prove some ﬁxed point theorems concerning
such contractions. Moreover, some examples and an application to a nonlinear fractional
diﬀerential equation are given to illustrate the usability of the new theory.
2 Preliminaries
The aim of this section is to present some notions and results used in the paper. Through-
out the article N, R+, and R will denote the set of natural numbers, positive real numbers,
and real numbers, respectively.
Deﬁnition . [] Let F :R+ →R be a mapping satisfying:
(F) F is strictly increasing, that is, α < β ⇒ F(α) < F(β) for all α,β ∈R+,
(F) for every sequence {αn} in R+ we have limn→∞ αn =  iﬀ limn→∞ F(αn) = –∞,
(F) there exists a number k ∈ (, ) such that limα→+ αkF(α) = .
We denote with F the family of all functions F that satisfy the conditions (F)-(F).
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Example . The following function F :R+ →R belongs to F :
F(α) = lnα, F(α) = lnα + α, F(α) = – √
α
where α > .
Deﬁnition . [] Let (X,d) be a metric space. A mapping T : X → X is called an F-





) ≤ F(d(x, y)).
Deﬁnition . [] Let (X,d) be a metric space, T : X → X be a mapping. Then the map-
ping T is said to be an almost-F-contraction if there exist F ∈ F and τ > , L ≥  such
that
d(Tx,Ty) >  	⇒ τ + F(d(Tx,Ty)) ≤ F(d(x, y) + Ld(y,Tx)) and
d(Tx,Ty) >  	⇒ τ + F(d(Tx,Ty)) ≤ F(d(x, y) + Ld(x,Ty))
for all x, y ∈ X.
Deﬁnition . [, ] Let us denote by G the set of all functions F : R+ → R satisfying
the following conditions:
(G) F is strictly increasing, that is, α < β ⇒ F(α) < F(β) for all α,β ∈R+,
(G) there is a sequence {αn} of positive real numbers such that limn→∞ F(αn) = –∞, or
infF = –∞,
(G) F is continuous on (,∞).
Example . The following function F :R+ →R belongs to G :
F(α) = – 
α
, F(α) = – 
α
+ α, F(α) = lnα where α > .
Lemma . [] Let F :R+ →R be an increasing function and {αn} be a sequence of posi-
tive real numbers. Then the following holds:
(a) if limn→∞ F(αn) = –∞, then limn→∞ αn = ;
(b) if infF = –∞, and limn→∞ αn = , then limn→∞ F(αn) = –∞.
Deﬁnition . [] Let (X,d) be a metric space. A mapping T : X → X is said to be an
F-Suzuki contraction if there exists τ >  such that for all x, y ∈ X with Tx 
= Ty

d(x,Tx) < d(x, y) 	⇒ τ + F
(
d(Tx,Ty)
) ≤ F(d(x, y)),
where F ∈ G .
Deﬁnition . [] Let T : X → X and α : X × X → [,∞) be two given mappings. Then
T is called an α-admissible if
x, y ∈ X, α(x, y)≥  	⇒ α(Tx,Ty)≥ .
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3 Fixed point results for α-type almost-F-contraction and α-type
F-Suzuki contraction
In this section, we ﬁrst introduce the concepts of an α-type almost-F-contraction and
an α-type F-Suzuki contraction and then we prove some ﬁxed point theorems for these
contractions in a complete metric space.
We begin with the following deﬁnitions.
Deﬁnition . Let (X,d) be a metric space, T : X → X be a mapping, and α : X × X →
{–∞} ∪ (,∞) be a symmetric function. Then the mapping T is said to be an α-type
almost-F-contraction if there exist F ∈F and τ >  and L≥  such that
d(Tx,Ty) >  	⇒ τ + α(x, y)F(d(Tx,Ty)) ≤ F(d(x, y) + Ld(y,Tx)) and
d(Tx,Ty) >  	⇒ τ + α(x, y)F(d(Tx,Ty)) ≤ F(d(x, y) + Ld(x,Ty))
for all x, y ∈ X.





 if x ∈ [, ],
 if x ∈ [, ],
and F(α) = lnα.
Then T is not an almost-F-contraction. Since at x =  and y = , d(Tx,Ty) >  but τ +






 if x, y ∈ [, ] or x, y ∈ [, ],
. otherwise.
Then T is an α-type almost-F-contraction with τ = . and L = .
Deﬁnition . Let (X,d) be a metric space T : X → X be a mapping and α : X × X →
{–∞}∪ (,∞) be a symmetric function. Amap T : X → X is said to be an α-type F-Suzuki
contraction if there exists τ >  such that for all x, y ∈ X with Tx 
= Ty

d(x,Tx) < d(x, y) 	⇒ τ + α(x, y)F
(
d(Tx,Ty)
) ≤ F(d(x, y)),
where F ∈ G .
Example . Let X = [, ] ∪ [, ] with the usual metric and F : R+ → R be deﬁned as
F(α) = – 
α





, x ∈ [, ],
, x ∈ [, ].
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Then T is not F-Suzuki contraction as the condition

d(x,Tx) < d(x, y) 	⇒ τ + F
(
d(Tx,Ty)
) ≤ F(d(x, y))
fails for x =  and y = .
Deﬁne α : X ×X → {–∞} ∪ (,∞) as
α(x, y) = , for all x, y ∈ X.
Then T is α-type F-Suzuki contraction i.e.

d(x,Tx) < d(x, y) 	⇒ τ + α(x, y)F
(
d(Tx,Ty)
) ≤ F(d(x, y))
holds for all x, y ∈ X with τ =  .
Now, we prove our ﬁrst result.
Theorem . Let (X,d) be a complete metric space and T : X → X be an α-type almost-
F-contraction where F ∈F , satisfying the following conditions:
(i) T is α-admissible,
(ii) there exists x ∈ X such that α(x,Tx)≥ ,
(iii) if {xn} is a sequence in X such that α(xn,xn+)≥  for all n ∈N∪ {} and xn → x ∈ X
as n→ ∞ then α(xn,x)≥  for all n ∈N∪ {}.
Then T has a ﬁxed point x∗ ∈ X.
Proof Let x ∈ X be such that α(x,Tx)≥ . Deﬁne the sequence {xn} in X by xn+ = Txn,
for all n ∈ N ∪ {}. If xn+ = xn for some n ∈ N, then x∗ = xn is a ﬁxed point of T . Let us
assume that xn+ 
= xn for all n ∈N∪ {}.
Since T is α-admissible, we have α(x,x) = α(x,Tx) ≥ , which implies α(Tx,Tx) =
α(x,x)≥ . Continuing in this way we have in general
α(xn,xn+)≥  for all n ∈N. (.)









≤ F(d(xn,xn–) + Ld(xn,Txn–)
)
.










– nτ . (.)
Thus as n→ ∞, we have limn→∞ F(d(xn+,xn)) = –∞, then by (F) we have limn→∞ d(xn+,
xn) = . Now, from (F), there exists k ∈ (, ) such that limn→∞(d(xn+,xn))kF(d(xn+,
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)k ≤ , ∀n≥ n,
i.e.
d(xn+,xn)≤ n/k , ∀n≥ n.
Now, form > n > n,






which is convergent as k ∈ (, ). Therefore asm,n→ ∞we get d(xn,xm)→ . Hence {xn}
is a Cauchy sequence. From the completeness of X we then have x∗ ∈ X such that xn → x∗.
Now we claim that d(xn+,Tx∗) = d(Txn,Tx∗)→  as n→ ∞. If x∗ = Tx∗, then the proof
is ﬁnished. Assume that x∗ 
= Tx∗. If xn+ = Txn = Tx∗ for inﬁnite values of n ∈N∪{}, then
the sequence has a subsequence that converges to Tx∗ and the uniqueness of the limit
implies x∗ = Tx∗. Then we can assume that Txn 





























which will lead to a contradiction of the assumption that limn→∞ d(Txn,Tx∗) >  (in re-
spect of (F)). Thus we have xn+ = Txn → Tx∗ as n→ ∞ and hence Tx∗ = x∗. 
Theorem . We further assume that α(x, y) ≥  for all x, y ∈ Fix(T) and suppose T also
satisﬁes the following condition: there exist G ∈ F and some L ≥ , τ >  such that for all
x, y ∈ X
τ + α(x, y)G
(
d(Tx,Ty)
) ≤G(d(x, y) + Ld(x,Tx))
holds. Then the ﬁxed point in the above result is unique.
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Proof Let y∗ ∈ X, y∗ 




















which is a contradiction as τ > . 
The following example is illustrative of Theorem ..
Example . Let X = [, ]∪ [, ] with usual metric and F :R+ →R be deﬁned as F(α) =





x + , x ∈ [, ],
, x ∈ [, ].
Then T satisﬁes all the conditions of Theorem . for τ ≤ . and L = , and hence T
has a unique ﬁxed point x∗ = .
If α(x, y) =  for all x, y ∈ X then we have following result as in [].
Corollary . Let (X,d) be a complete metric space and T : X → X be an almost-F-
contraction. Then T has a ﬁxed point x∗ in X.
If α(x, y) =  for all x, y ∈ X and L =  then we have following result of Wardowski’s [].
Corollary . Let (X,d) be a complete metric space and T : X → X be an F-contraction.
Then T has a unique ﬁxed point x∗ in X.
To prove our next result, we ﬁrst give the following.
Deﬁnition . [] An α-admissible map T is said to have the K-property whenever for
each sequence {xn} ⊂ X with α(xn,xn+)≥  for all n ∈N∪ {}, then there exists a natural
number k such that α(Txm,Txn)≥  for allm > n≥ k.
Theorem . Let (X,d) be a complete metric space and T : X → X be an α-type F-Suzuki
contraction satisfying the following conditions:
(i) T is α-admissible,
(ii) there exists x ∈ X such that α(x,Tx)≥ ,
(iii) T has the K -property,
(iv) if {xn} is a sequence in X such that α(xn,xn+)≥  for all n ∈N∪ {} and xn → x ∈ X
as n→ ∞, then α(xn,x)≥  for all n ∈N∪ {}.
Then T has a ﬁxed point x∗ ∈ X.
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Proof Let x ∈ X be such that α(x,Tx)≥ . Deﬁne the sequence {xn} ⊆ X by xn+ = Txn,
for all n ∈N∪{}. SinceT is α-admissible we have α(x,x) = α(x,Tx)≥ , which implies
α(Tx,Tx) = α(x,x)≥ . Continuing in this way we have in general
α(xn,xn+)≥  for all n ∈N∪ {}. (.)
If xn+ = xn for some n ∈ N ∪ {}, then x∗ = xn is a ﬁxed point of T . Let us assume that
xn+ 















for all n ∈N∪ {}.
















which together with (G) and by Lemma ., gives
lim
n→∞d(xn+,xn+) = .
Suppose {xn} is not a Cauchy sequence. Then there exist ε >  and p(n) > q(n) > n ≥ k
such that d(xp(n),xq(n))≥ ε and d(x(p(n)–),xq(n)) < ε.
Now
ε ≤ d(xp(n),xq(n))≤ d(xp(n),xp(n)–) + d(xp(n)–,xq(n)) < d(xp(n),xp(n)–) + ε.
Therefore
lim
n→∞d(xp(n),xq(n)) = ε. (.)
Again we have
d(xp(n),xq(n))≤ d(xp(n),xp(n)+) + d(xp(n)+,xq(n)+) + d(xq(n)+,xq(n))
and
d(xp(n)+,xq(n)+)≤ d(xp(n)+,xp(n)) + d(xp(n),xq(n)) + d(xq(n),xq(n)+).
So as n→ ∞, from the above two inequalities we have
lim
n→∞d(xp(n)+,xq(n)+) = ε. (.)
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So as n → ∞ and by (G), we get τ + F(ε) ≤ F(ε), which is a contradiction. Hence {xn} is
a Cauchy sequence in X and so it converges to some x∗ in X.
















for all n ∈N.














































































































































which as n→ ∞ gives d(x∗,Tx∗) =  and hence Tx∗ = x∗. 
Theorem . If we further assume that α(x, y)≥  for all x, y ∈ Fix(T), then the ﬁxed point
is unique in the above result.
Proof Let y∗ ∈ X, y∗ 



















)) ≤ F(d(x∗, y∗)),
which is a contradiction as τ > . 
The following example illustrates Theorem ..
Example . Let X = [, ] ∪ [, ] with the usual metric and F : R+ → R be deﬁned as
F(α) = – 
α





x + , x ∈ [, ],
, x ∈ [, ].
Then T is not a F-Suzuki contraction as the condition

d(x,Tx) < d(x, y) 	⇒ τ + F
(
d(Tx,Ty)
) ≤ F(d(x, y))
fails for x =  and y = .
Now, we distinguish following cases:
Case . If x, y ∈ [, ] then there are no points for which d(x,Tx) < d(x, y) holds, so we
are through.
Case . If x, y ∈ [, ] then Tx = Ty so we are done.
Case . Let x ∈ [, ] and y ∈ [, ]. In this case we have d(Tx,Ty) ≤  and  ≤ d(x, y).
Therefore τ +α(x, y)F(d(Tx,Ty))≤ τ +α(x, y)F() = τ – α(x,y) and F()≤ F(d(x, y)) by (F).
So for given α(x, y) we can choose τ for which τ ≤ α(x,y)– holds. Then for that α(x, y) and
τ >  we are done.
Budhia et al. Fixed Point Theory and Applications  (2016) 2016:2 Page 10 of 14
In particular, if we deﬁne α : X ×X → (,∞)∪ {–∞} as
α(x, y) =  for all x, y ∈ X.
Then T satisﬁes all the conditions of the above theorem with τ =  and hence T has an
unique ﬁxed point x∗ = .
If α(x, y) =  for all x, y ∈ X then we have following result
Corollary . Let (X,d) be a complete metric space and T : X → X be an F-Suzuki con-
traction. Then T has a unique ﬁxed point x∗ in X.
4 Consequences
In this section we will show that some existing results in the literature can be deduced
easily from our theorems proved in Section .
4.1 Fixed point with graph
Following Jachymski [], let (X,d) be a metric space and  = {(x,x) : x ∈ X}. Consider
a graph G with the set V (G) of its vertices equal to X and the set E(G) of its edges as
a superset of . Assume that G has no parallel edges, that is, (x, y), (y,x) ∈ E(G) implies
x = y. Also, G is directed if the edges have a direction associated with them. Now we can
identify the graph G with the pair (V (G),E(G)).
Denote
G := {G :G is a directed graph with V (G) = X and  ⊆ E(G)}.
Deﬁnition . Amapping T : X → X is calledG-continuous, if we have a given x ∈ X and
a sequence {xn} such that xn → x, as n→ ∞, (xn,xn+) ∈ E(G), ∀n ∈N imply Txn → Tx.
Theorem . Let (X,d) be a metric space endowed with a graph G and let T be a self-
mapping on X. Suppose that the following assertions hold:
(i) for all x, y ∈ X , (x, y) ∈ E(G)⇒ (Tx,Ty) ∈ E(G);
(ii) there exists x ∈ X such that (x,Tx) ∈ E(G);
(iii) there exist a number τ > , L≥  and F ∈F such that
d(Tx,Ty) >  ⇒ τ + F(d(Tx,Ty)) ≤ F[d(x, y) + Ld(y,Tx)] and
d(Tx,Ty) >  ⇒ τ + F(d(Tx,Ty)) ≤ F[d(x, y) + Ld(x,Ty)]
for all (x, y) ∈ E(G);
(iv) for any sequence {xn} ⊂ X , x ∈ X with xn → x as n→ ∞ and (xn,xn+) ∈ E(G) we
have (xn,x) ∈ E(G) or T is G-continuous.
Then T has a ﬁxed point.





 if (x, y) ∈ E(G),
–∞ otherwise.
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First we prove that T is α-admissible. If α(x, y)≥ , then (x, y) ∈ E(G). As, from (i), we have
(Tx,Ty) ∈ E(G), α(Tx,Ty) ≥ . So T is an α-admissible mapping. From (ii) there exists
x ∈ X such that (x,Tx) ∈ E(G), i.e. α(x,Tx)≥ .








) ≤ F[d(x, y) + Ld(y,Tx)] i.e.




) ≤ F[d(x, y) + Ld(y,Tx)].
Now, let {xn} ⊂ X be a sequence such that xn → x as n→ ∞ and α(xn,xn+)≥ .
Then, (xn+,xn) ∈ E(G) and then from (iv) (xn,x) ∈ E(G) i.e. α(xn,x) ≥ . Thus, all the
conditions of Theorem . are satisﬁed and hence T has a ﬁxed point in X. 
If L = , then Theorem . reduces to Corollary . given in [].
4.2 Fixed point with partial order
Let (X,d,) be a partially ordered metric space. Deﬁne the graph G by
E(G) =
{
(x, y) ∈ X ×X : x y}.
For the graph condition (i) in Theorem . means that T is nondecreasing with respect to
this order []. From Theorem . we derive the following important results in partially
ordered metric spaces.
Theorem . Let (X,d,) be a partially ordered metric space and let T be a self-mapping
on X. Suppose that the following assertions hold:
(i) T is a nondecreasing map.
(ii) There exists x ∈ X such that x  Tx.
(iii) There exist a number τ > , L≥ , and F ∈F such that
d(Tx,Ty) >  ⇒ τ + F(d(Tx,Ty)) ≤ F[d(x, y) + Ld(y,Tx)] and
d(Tx,Ty) >  ⇒ τ + F(d(Tx,Ty)) ≤ F[d(x, y) + Ld(x,Ty)]
for all x, y ∈ X with x y.
(iv) Either for any sequence {xn} ⊂ X and x ∈ X with
xn → x, as n→ ∞ and
xn  xn+, ∀n ∈N∪ {}, we have xn  x,
or T is continuous. Then T has a ﬁxed point.
Corollary . [] Let (X,d,) be a partially ordered complete metric space and let T :
X → X be a continuous, nondecreasing self-mapping such that x  Tx for some x ∈ X.
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Assume that
d(Tx,Ty)≤ rd(x, y)
holds for all x, y ∈ X with x y where ≤ r < . Then T has a ﬁxed point.
5 Some applications to fractional calculus
First, let us recall some basic deﬁnitions of fractional calculus (see in [–]). For a con-












n –  < β < n,n = [β] + 
)
where [β] denotes the integer part of the real number β and  is a gamma function.
In this section, we present an application of Theorem . in establishing the existence









=  (≤ t ≤ ,β < ) (.)
via the boundary conditions x() =  = x(), where x ∈ C([, ],R) (C([, ],R) is the set of
all continuous functions from [, ] into R), CDβ denotes the Caputo fractional derivative
of order β , and f : [, ]×R→R is continuous function (see []). Recall that the Green





(t( – s))α– – (t – s)α– if ≤ s≤ t ≤ ,
(t(–s))α–
(α) if ≤ t ≤ s≤ .
Now, we prove the following existence theorem.
Theorem. Consider the nonlinear fractional diﬀerential equation (.).Let ζ :R×R→
R be a given function. Suppose that the following conditions hold:
(i) |f (t,a) – f (t,b)| ≤ e–τ |a – b| (τ > ) for all t ∈ [, ] and a,b ∈R with ζ (a,b)≥ .
(ii) There exists x ∈ C([, ],R) such that ζ (x(t),
∫ 
 Tx(t)dt)≥  for all t ∈ [, ]









for all t ∈ [, ].
(iii) For each t ∈ [, ] and x, y ∈ C([, ],R), ζ (x(t), y(t)) >  implies ζ (Tx(t),Ty(t)) > .
(iv) For each t ∈ [, ], if {xn} is a sequence in C([, ],R) such that xn → x in C([, ],R)
and ζ (xn(t),xn+(t)) >  for all n ∈N, then ζ (xn(t),x(t)) >  for all n ∈N.
Then the problem (.) has at least one solution.
Proof First of all, we let X = C([, ],R). It is well known that X is a Banach space endowed
with the supremumnorm ‖x‖∞ = supt∈[,] |x(t)| for all x ∈ X. It is easy to see that x ∈ X is a
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solution of (.) if and only if x ∈ X is a solution of the equation x(t) = ∫  G(t, s)f (s,x(s))ds
for all t ∈ [, ]. Then the problem (.) is equivalent to ﬁnding x∗ ∈ X which is a ﬁxed
point of T .






































G(t, s) · e–τ (∣∣x(s) – y(s)∣∣)ds





≤ e–τ‖x – y‖∞.
Thus for each x, y ∈ X, with ζ (x(t), y(t)) >  for all t ∈ [, ] we have
‖Tx – Ty‖∞ ≤ e–τ‖x – y‖∞ or d(Tx,Ty)≤ e–τd(x, y).
By passing through a logarithm, we write lnd(Tx,Ty) ≤ ln(e–τd(x, y)) and hence τ +
lnd(Tx,Ty)≤ lnd(x, y).
Now consider the function F :R+ →R deﬁned by F(u) = lnu for each u ∈ X, then F ∈F .





 if ζ (x(t), y(t)) > , t ∈ [, ],
–∞ otherwise.
Therefore,
τ + α(x, y)F
(
d(Tx,Ty)
) ≤ F(d(x, y)) ≤ F[d(x, y) + Ld(y,Tx)] and
τ + α(x, y)F
(
d(Tx,Ty)
) ≤ F(d(x, y)) ≤ F[d(x, y) + Ld(x,Ty)]
for all x, y ∈ X with d(Tx,Ty) >  and L ≥ . This implies that T is an α-type almost-F-
contraction. From (ii) there exists x ∈ X such that α(x,Tx) ≥ . Next, by using (iii), we
get the following assertions holding for all x, y ∈ X
α(x, y)≥  	⇒ ζ (x(t), y(t)) >  for all t ∈ [, ]
	⇒ ζ (Tx(t),Ty(t)) >  for all t ∈ [, ]
	⇒ α(Tx,Ty)≥ ;
hence T is α-admissible. Finally, from condition (iv) in the hypothesis, condition (iii) of
Theorem . holds. Therefore, as an application of Theorem . we conclude to the ex-
istence of x∗ ∈ X such that x∗ = Tx∗ and so x∗ is a solution of the problem (.). This
completes the proof. 
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6 Conclusions
In the present work we introduced the new concepts of an α-type almost-F-contraction
and an α-type F-Suzuki contraction, which are generalizations of the concepts given in
[, ]. Next, we established some ﬁxed point theorems for these contractions. Further,
the attached examples and an application to a nonlinear fractional diﬀerential equation
illustrate the usability of the obtained results.
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